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Numerical Studies of Motion and Decay
of Vortex Filaments
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A computational code is developed for the integro-differential equations governing the motion of the
centerlines of vortex filaments submerged in a background potential flow. These equations, which are derived
from the method of matched asymptotic analysis, include the effect of decaying large-magnitude circumferential
and axial velocity components in the vortical cores. Numerical examples are presented to assess the effect of
large axial velocity and of nonsimilar initial profiles in vortical cores. The initial configurations of the filaments
are chosen so as to fulfill the basic assumption of asymptotic analysis, which is the effective vortical core size is
much smaller than all other length scales in the flow field, e.g., the radius of curvature and interfilament
distance. The computations are continued until the basic assumption is no longer valid, that is, when the merging
or intersection of filaments have begun. Various types of local or global merging or intersection of filaments are
classified and demonstrated by numerical examples.

I. Introduction

I N flows around wings, propellers, and bodies1"3 and in
many natural aerodynamics problems,4"6 effects of vortic-

ity are important. In these flowfields, the bulk of vorticity is
usually concentrated in slender "tubelike" regions called
vortex filaments. The size of the cross section of a filament is
small compared to other length scales characterizing the
flowfield. Away from these regions, the flow can be con-
sidered as irrotational.

In the classical inviscid theory, the cross-sectional area of
the tube is reduced to zero and the slender tubelike filament
becomes a vortex line. The velocity Qi(P,t) at point P in-
duced by the vortex line C is defined by the Biot-Savart in-
tegral along the vortex line (see Ref. 7),

Qi(P,t) =-[47T J

X'-P
c LY'-PI3 xdX' (1)

where F is the circulation around the vortex line C. The posi-
tion vector of the point P and of a point on the vortex line
are denoted by P and X', respectively. Near the vortex line,
r= I P — X l-*0, the velocity Q behaves as

X4-) r Fcos</> e+Qf (2)

where X denotes the point on C nearest to P. In Eq. (2), 0,
b, and R are the unit circumferential vector, the binormal
vector, and the radius of curvature of C at X, respectively,
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and </> denotes the angle between the unit normal vector n of
C at X and the radial vector P-X (see Fig. 1). The first
three terms on the right side of Eq. (2) are the singular parts,
and the last term Qf, is the finite part of Q, i.e., Qf has a
limit as r-*0. A length scale d is introduced in Eq. (2) to
nondimensionalize the argument of the logarithmic term. Its
contribution will be canceled by a IW> term in Qf(X,t) and
hence will not affect g}. The length d is identified in the
asymptotic analysis as the effective core size so that
r/d = O(l) in the "inner" region.

From Eq. (2), it is evident that the classical theory suffers
from two serious defects: 1) the fluid velocity on the ^vortex
line becomes infinite, and 2) the velocity of the vortex line
itself is undefined. In a real fluid the velocity field and its
gradient must remain finite everywhere. In the inner region
where the velocity and hence the gradient of the velocity
become large, the viscous terms become the mechanism by
which the velocity gradients are attenuated. The defects of
classical inviscid theory for vortex motion can therefore be
eliminated if the inviscid solution is identified as the leading
term of a matched asymptotic solution of the incompressible
Navier-Stokes equations in a region (the outer region) suffi-
ciently far away from the filament. The viscous terms
become important in the inner region. The condition that the
velocity should be finite everywhere then enables us to define
the velocity of a filament with a large vorticity distribution
in the core structure. With this premise, the matched asymp-
totic solution for a vortex filament submerged in an outer
potential flowfield was constructed in a series of four
papers8"11 starting from two-dimensional problems for vor-
tices8 to three-dimensional problems in which botli cir-
cumferential and axial velocity components in the vortical
core11 are large. The small parameter in the asymptotic ex-
pansion is

c = Vivf - (Reynolds number) (3)

where v is the kinematic viscosity and F is the circa lation
around the filament. The effective core size 5 is assumed to
be of order e compared with the reference length L of all
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other length scales in the flowfield, i.e.,

(4)

The asymptotic analysis11 enables us to reduce the
unsteady three-dimensional Navier-Stokes equations to a
system of integro-differential equations in time t and one
spatial variable 5 for the motion of the centerlines of the
vortex filaments. These equations contain terms representing
the bulk effects of the inner structures, that is, the large axial
vorticity f (or the circumferential velocity v) and the axial
velocity w. The leading governing equations for the diffusion
of the inner structures are reduced to two simple heat-
conduction equations by appropriate transformation of
variables involving the length of the filament to account for
the stretching effect on the core size. Analytical solutions for
the core structures and the expressions for their bulk con-
tributions to the integro-differential equations for the mo-
tion of the filaments are then obtained. These expressions
and the integro-differential equations form a closed system.

The essential results of the asymptotic analysis of Ref. 11,
with some minor corrections and modifications, are sum-
marized in Sec. II. The computational code for the motion
and decay of the vortex filaments are then developed.

In Sec. Ill, numerical examples are presented to show the
effects of large-magnitude axial flow and nonsimilar initial
core structure on the motion of the filaments. Examples are
selected to illustrate when and where the asymptotic analysis
ceases to be valid as merging or intersection of vortex
filaments takes place in violation of condition (4).

In Sec. IV, various types of merging of vortex filaments
are illustrated by numerical examples and classified into
three types. For each type, a finite domain D containing the
merged region can be selected so that numerical solutions of
the Navier-Stokes equations in D can be constructed to study
their merging.

It should be pointed out that beside the matched asymp-
totic analyses8'11 mentioned above, there are other vortex
methods based on inviscid theory with artificial smooth-
ing12"18 and/or patching19"21 to remove the singularity in the
Biot-Savart formula for the self-induced velocity. In order to
emphasize the differences between these inviscid solutions
and our viscous solutions, we summarize some key features
of our matched asymptotic analysis.11 They are:

1) The large (order e"1) axial velocity w and circumferen-
tial velocity v in the core of a filament are functionally
related. (This dependence holds also for inviscid theory). In
particular, if v is independent of the parameter s along the
filament, so is w. The converse is also true. When there is no
large axial flow, the large circumferential velocity v has to be
independent of s. Consequently, the core size and the
stretching effect on the vorticity distribution must be
uniform along the filament and must depend only on its
length S ( t ) .

2) The vortical core structure—in particular, its effective
size—appears in the dominant term of the velocity of a
vortex filament. The variation of the core size due to stretch-
ing and diffusion is properly accounted for in the asymptotic
solution. The diffusion effect becomes more important as
the core size decreases due to stretching.

3) The self-induced velocity of the vortex filament also
contains the finite part of the Biot-Savart integral. The finite
part is obtained11 by canceling analytically the singular parts,
so that the resulting integrand of the finite part is piecewise
continuous. The finite part having piecewise continuous in-
tegrand can be evaluated numerically. It depends not only on
the local curvature but also on the local torsion and the
derivative along the centerline.

We now compare these properties with those in the in-
viscid solutions.12"21 The first three references12"14 treat the
dynamics of two-dimensional inviscid vortices. We note the
correspondence with two-dimensional asymptotic analysis in

that the leading velocity of a vortex center agrees with that
of the inviscid theory and is independent of the viscous core
structure as long as the vortices are far apart relative to their
core sizes.

The three-dimensional inviscid vortex methods are
presented in Refs. 15-18, where the singularity in the Biot-
Savart integral is artificially smoothed. For example, in Refs.
15-17, the denominator \X'-P\3 in Eq. (1) is replaced by
h2\X'-P\ when \X'-P\<h, where h is a preassigned
small value. On the other hand, in Ref. 18 the singularity
is removed when \X' —P\ is replaced by { \Xf — PI 2 + dj
+ dj } v-, where X' and P are points on the /th and yth vortex
lines and 6/ and 5j are the corresponding core size. Thus, the
velocity on a vortex line is rendered finite. The vortex line is
then treated as a material line, and the local stretching of the
line in turn defines the variation of the core size.15 Hence,
the core size is not uniform15'18 along a vortex line in con-
trast to preceding feature 1 of the asymptotic solution. We
note that the motion of a curve is defined by its normal and
binormal velocity components and is independent of the
tangential component. The tangential velocity of an inviscid
vortex line of finite strength F is the outer limit (where the
vorticity vanishes) of the axial velocity of the inner region.
The convection of the vorticity distribution in the core is
defined by the velocity in the inner region and is properly ac-
counted for in the matched asymptotic solution,10'11 which in
addition includes the viscous diffusion effect. This explains
the discrepancies between their inviscid solutions and our
asymptotic solution.

There is another vortex method based on the inviscid
theory patched with a diffusive inner core modeled by a
similarity solution. The latter is Lamb's solution7 for the
decay of an isolated straight filament.19'20 A computational
code based on the equations for the patched solutions with
the variation of the core size related to the length of the fila-
ment was developed by Leonard.21 The equations of this
code are consistent with the aforementioned feature 1, sub-
ject to the restriction that in the core there is a large similar
circumferential flow but no large axial flow. Furthermore,
the evaluation of the finite part is obtained by approximating
the local arc of the filament by a circular one. These differ
from features 2 and 3 of our solution.

II. Equations of Motion for the Vortex Filaments
Let us consider the flowfield of N vortex filaments in a

background flow with velocity potential $(X). Let F, and
Xj(Sj,t) denote the circulation and position vector of the
centerline of the /th filament, for /= 1,2,...,7V. The
parameter s, increases in the direction of positive F/. The
subscript / will be suppressed from here on. For each fila-
ment, the initial centerline C and its inner structure, i.e., the
large axial and circumferential velocity distribution, are
prescribed. They should be consistent with conditions 3 and
4 of the asymptotic analysis. The equation for the velocity of
the /th filament Xt is11

Xt(s,t)=Q*(X,t)

where Q* = Q2 + Qf-t[ (Q2 + Qf) - f ] . The removal of the
tangential component of Q2 and Qf insures that t-Xf = Q.
Here Q2(X,t) denotes the velocity of the flowfield at X in
the absence of the /th filament,

Xj-X
:,- \Xj-X\3 (6)

and Q f ( s , t ) is the finite part of the Biot-Savart integral,
defined in Eqs. (1) and (2) for the /th filament at X. In the
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matched asymptotic analysis,11 the singular parts in Eq. (2)
are canceled analytically and the finite part Qf is given by

press the velocity in the inner region as

(7)
where

H(s',s,t) = F(s',s,t)-2b/(R I X I ) for s' *s (8a)

= txBsgn(s'-s)/3 fors- '^s* (8b)

X(s',t)-X(s,t)
F(S'^,0=-7777-7-7—777——~ *Xs(S,t) for S' :

with

\X(s',t)-X(s,t)\3

a(s9t) = \Xs(s,t)\

-at

(8c)

(9a)

(9b)

(9c)

(9d)

We denote the unit tangent, normal and binormal vectors,
and the radius of curvature and torsion of the centerline by
r, /?, b, R, and T, respectively. They are related to X(s,t) by
the Serret-Frenet formulas,

Xs = at, Xs XXSS = a3b/R,

bxt =
35

(10)

Without loss of generality, the parameter s has been so
chosen that X(s,t) is initially periodic in 5 with period 2ir
and hence for all /. The length of the centerline is

l ids (H)

Note that the integrand H in Eq. (7) is a piecewise con-
tinuous function of s = s' —s, with the jump discontinuity at
s = Q defined in Eq. (8b). Therefore Qf given by Eq. (7) can
be evaluated numerically at each instant. We remark that
Eqs. (5-11) substantiate features 2 and 3 stated in the
Introduction.

The remaining three unknowns, 6(0, Cv(t), and Cw(t)9
are related to the inner structures of the filament. In the
analysis of the inner region, the spacial variables in the
Cartesian coordinates are transformed to the toroidal coor-
dinates. They are the parameter s for the centerline, local
radial variable r, the circumferential variable 6 (see Fig. 1
and Refs. 10 and 11). The radial variable is then stretched by
the factor e"1, i.e.,

f=r/e (12)

The analysis then shows that the large circumferential and
axial velocity v and w are of order e ~ l and that their leading
terms are independent of 6. Furthermore, if either one of
them is independent of s, so is the other. We therefore ex-

(13)

Again we remark that Eq. (13) is feature 1.
The initial data for v and w should be functions of f only,

i.e., v(f$) = vQ(f) and w(r,0)= w0(r). The leading cir-
cumferential velocity e~lv is related to the leading axial vor-
ticity e~2£(f,t) by the equation

(14)

We can specify either the initial data for v or for f. Also,
note that the total strength of f is the time-invariant circula-
tion r,

The solutions for the leading inner structures were ob-
tained11 in a series of Laguerre polynomials Ln. They are

(16a)

(16b)

or T ,= S(t')dt'+7}0o

(16c)

Here T} and 77 are two new variables replacing / and f with

(17)

(18a)

(0/5(0 ]'/2 (18b)

Since f, w, and v in Eqs. (16a-16c) have a decaying factor
exp(-r/2), which becomes 1/e when rj = 1 or r=6, we identify
6(0 as the effective core size.

The constants Cn and Dn in Eq. (16) are determined in
terms of the initial values of f and w,

( 7- \ n + 1 f °°
-J2-) ]Q w0 (19a)

where r = r7(4rr20)1/2, 50 = S(0), T2o = T10/50, 60 = 10
4-50)I/2. Here 50 and 60 are the initial length and effective
core size.

We note that for

/i = 0, C0=M0/(4r7re),

Sg), and M0 =
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The quantity MQ is the initial axial mass flux. When Cn and
Dn vanish for n > 1, v and w are represented by the first term
in Eqs. (16a) and (16b), respectively. They are the similarity
solutions defined by the total axial vorticity F, the initial ax-
ial momentum M0, and the initial core size 60.

In Eqs. (17) and (18), 50 is defined by an arbitrary positive
constant r,0. An optimum r,0 is defined by the condition
Dl =0 so that the first term in Eq. (16a) becomes the domi-
nant term in the shortest time and is called the optimum
similarity solution.10 The condition for optimum T I O is

= 0 or (20)

Thus, the first term in Eq. (16a) preserves not only the total
strength but also the second polar moment of the initial vor-
ticity distribution f0.

The remaining two unknowns Cv and Cw in Eq. (5) are
related to the inner structures of v(f,t) and w ( f , t ) n

Cw(t)=
8?r2

(21b)

These improper integrals have been evaluated analytically
and found to be

Cv(t)=—— {
2

with

) +47T

(22a)

7/,=

Pn,h= S (Pn-},i~Pn.i) S (Ph-lJ-

167T2 A
(22b)

with

Here 7 is the Euler number, (N+ 1) is the number of terms
used in the series representations (16) of v and w to fit the
initial data, and pn>k is the coefficient of xk in the Leguerre
polynomial Ln(x). For similar inner structures, i.e., Cn=Q,
Dn=0 for n > 1, Cv and C^ are defined by the first term on
the right side of Eqs. (22a) and (22b), respectively.

Thus, for a given initial core structure, Eqs. (19a), (19b),
and (20) define the constants Cn, £>„, and r]0, which in turn
define the initial effective core size 6(0) by Eq. (18).

Equations (5) and (17) can be considered to be the evolu-
tion equations for the centerline X(s,t) and the time scale
TI ( t ) . The latter provides the coupling between the effective
core size 6 and the length of the filament S by Eqs. (18) and
(11). Equations (9-11) define the relevant geometric proper-
ties of the centerline X(s,t) while Eqs. (6-8) and (22) define
the right-hand side of Eq. (5), i.e., the background local
velocity Q2> the finite part of the self-induced velocity 2/»
and the bulk contributions of the inner structure Cv and Cw.

Equations (5) and (17), supplemented by Eqs. (6-11), (18),
and (22) applied to the /th filament for /=!,...,TV, for a
closed system of equations of motion for the TV filaments
when the initial configurations for the centerlines X/(5/,0)
and their initial inner structures are specified.

Linear stability analyses for several finite-difference
schemes were carried out22 for the limiting case of very large
&i(l/e)- The dominant term of the velocity Xt9 Eq. (5), will
then be [ T / ( 4 i r R ) ] ^ i ( \ / e ) , which contains only the effect of
local curvature with a constant core size and is uncoupled
from the background flow and from the global properties of
the filament. It was shown in the Appendix of Ref. 22 that
1) the standard explicit scheme is always unstable, 2) the
DuFort-Frankel scheme can be modified so that it becomes
stable, and 3) the implicit scheme is always stable.

In our computational code for the full system of integro-
differential equations, the implicit scheme is used. We first
pick the numbers of grid points /, on the /th filament with
AS; equal to 27r//, for /= 1,...,7V. We choose the first step Af
such that the Courant-Friedrich-Levy (CFL) number is less
than an assigned value smaller than unity. We use the max-
imum velocity of the yth grid point and the minimum seg-
ment length \ X J f i - X j _ l t i \ for 7 =!,...,/, (MOD J,) and
/=!,.. . ,TV as the reference velocity and segment length in
CFL number. For each time step, tn to / „ + , , the number of
iterations k is controlled by the following error bound

R - local radius of curvature
n - normal
A
b - blnornal
T - iangeni

Fig. 1 Coordinate system of a vortex filament.

where err is a preassigned small number and Xfj is the posi-
tion vector on the yth grid point s/ =jAs on the /th filament
at tn + { after k iterations. When the above error bound is not
satisfied after an assigned number of iterations (10 in our
numerical code), the iteration procedure is repeated anew
with the time step reduced by a factor of 2. If this reduction
is required more than three times, the program is terminated.
So far this has not occurred when the maximum CFL
number is initially set at 0.5. To check the accuracy of the
results, we compared test cases with grid number J/ = 40, 60,
80, 120, 160, 200, initial maximum CFL number = 0.5 and
0.25, and err= 10~6 and 10~7. We found that a grid number
of 60-80, a CFL of 0.5, and an err of 10~6 to be satisfactory
in the sense that final positions of filaments before merging
have accuracy of three significant figures. We use the larger
number of grid points 80 when we expect that the self-
merging is going to take place with the core size comparable
to the local radius of curvature of the centerline. Since we
are interested in the transient solutions, a small time incre-
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ment A/ will be used to increase the accuracy and reduce the
number of iterations for each time step. In the numerical ex-
amples to be mentioned in the next section, we choose the
time step A/ with the initial maximum Courant-Friedrichs-
Levy (CFL) number set at 0.25. In our numerical examples
the iterations converge in less than five cycles with err equal
to 10~6 until the merging is about to take place. The prac-
tical criteria for that instant when merging takes place will be
specified in the next section. The computation based on the
asymptotic theory will be terminated at that instant.

III. Numerical Results
A computational code for the equations of the matched

asymptotic analysis described in Sec. II was developed to
study the motion and interaction of vortex filaments. The
code is being used to study systematically: 1) the effects of
the initial core structure, which may not be similar, for a
given initial shape X(s,0), total strength F, and total axial
flux M0; 2) the effect of axial flow of various strength M0
for given F, initial core structure, and shape X(s,0); 3) the
interaction of two filaments; and 4) the onset of various
types of merging or interaction of filaments.

It was pointed out in Refs. 8-11 and emphasized in Ref. 23
that the asymptotic analysis was formulated under condition
(4) that the effective core size d(t) for a filament is much
smaller than the other length scale in the flow. For flows in-
duced by free vortex filaments in an unbounded domain, the
other reference length scales are 1) the minimum radius of
curvature /?min of a centerline C, 2) the minimum distance
dmin between two "distinct" points on C, and 3) the
minimum distance dfj between two centerlines C, and Cy.
Condition (4) then implies

(/?min/5),. >*,->!, for /=!,. ..,7V

£2^l, for /=!,.. .,7V

(23a)

(23b)

(23c)

Because of Eq. (23a), we define two "distinct" points on C
by the condition that the arc length between them along C is
finite, say, larger than 7r<5. These three conditions (23a-23c)
exclude self-merging, self-interaction, and intersection of two
filaments, respectively. When there is background potential
flow, say, flow around a body, additional conditions should
be imposed so that the core structures will not overlap with
the boundary layer along the body surface. The onset of
merging is defined at the instant the equality sign holds in
any of Eqs. (23a-23c). Noting that the vorticity in the merged
region is of the order of exp(-/;jr), f= 1,2,3, we choose in
our numerical examples k} =2 and k2 = k3 = 1.5. The exten-
sion of the asymptotic theory to moderate values of ke has
also been justified by comparing the asymptotic solutions
with the numerical solutions of the Navier-Stokes equa-
tions,24'25 starting at an earlier instant with kf doubles. For
each type of merging, the merged region can be "local" or
"global," depending on whether condition (23a) or (23b) or
(23c) is violated locally over an arc length much smaller than
the entire length of the filament or is fulfilled globally over
almost the entire length.

Figure 2 shows the three views of the centerline X(s,t) of
a single vortex filament at various instants from ^ = 0 to the
final instant / = 21.02, when the effective core size becomes
comparable to the minimum radius of curvature of the fila-
ment at ^=(0,1.9256,13.932).

The initial shape X(s,0) of the centerline is an ellipse with
the major axis equal to 2 along the xl axis and the minor
axis equal to 1.5 along the x2 axis. The physical data are
^ = 0.0045, r = 5, and hence e = [v/T] l/2 =0.03. At the initial
instant, the core structure of the leading circumferential flow
is a similarity solution with effective core size <50 = (4j>T2o)'/2
= V0.018, i.e., 720 = 1- There is no large axial flow (M0 = 0).

From Fig. 2 we see that the centerline ceases to be planar
for />0, due to the spacial variation of the radius of cur-
vature. The centerline becomes almost planar at t = 4.15,
"the first half-period," with its shape nearly the same as the
initial one with an interchange of the major and minor axes.
At /=12.30, "the first period," the centerline once more
becomes almost planar, with its shape nearly the same as the
initial one. Due to the decay of the core structure, the mo-
tion becomes more aperiodic as the core size increases with /.

Let x* (t) and x%(t) denote the maximums of the xl and
x2 coordinates, respectively, of X(s,t). Then the envelopes
in the top view and the side view of X(s,t) in Fig. 2 show
the variations of x* (t) and x f ( t ) , respectively.

Figure 3 illustrates the dependence of the "first period" of
x* on the Reynolds number F/^ = e ~ 2 (on the initial core size
for a given F) and the effect of large axial flow in the core.
The initial shape of the centerline is the same as that in Fig.
2. Both the initial circumferential and axial velocity com-
ponents are similarity solutions, with core size <50 = 2vV, i.e.,
r20 = 1. The figure shows that the movements of the filament
slow down for larger v/T, or larger initial core size. The ax-
ial flow in the core tends to slow down the movement, and
the effect is more pronounced for larger v/T.

Figure 4 demonstrates the effect of initial nonsimilar core
structures. The initial shapes of the centerline of the filament
and the physical constants are the same as those in Fig. 2.
The envelope of the top view of X(s,t) (the graph of x* (t)
in Fig. 2) is reproduced as curve 1 Fig. 4. We recall that the
core structure has a similar circumferential profile, with no
axial flow and an initial effective core size <50. Curve 2 shows
the corresponding graph of x* (t) for an initial nonsimilar
vorticity profile with the shape of a top hat. The radius and
the strength of the top-hat vorticity distribution are 5T = d0V2
and F/(7r62

r), respectively. We note that the initial similarity

o = 2, b = 1.5

Fig. 2 Evolution of an elliptical vortex filament of axes ratio
1.5/2.0, T = 5, € = 0.03; a) plan view, b) side view, c) end view.

FIRST 10
PERIOD,

T

•010 .015 .020 .025 .O
6- (Re)'15

Fig. 3 Effect of axial flow on the period.
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X*(t) 1.75

EFFECT OF INITIAL VORTICITY DISTRIBUTION

( NO AXIAL FLOW )

———— CURVE 1
— - - - CURVE 2
—— —— CURVE 3

INTERSECTION AT TWO LOCAL REGIONS
AT t « 0, CENTERED AT (+.375.0.+2.5) WITH RQ - 1.125

Fig. 4 Effect of initial nonsimilar core structures with F = 5,
€ = 0.03, and M0=0.

r1 = r2 = 5, s o 0.01,
t - 0. CENTERED AT (*2.5,0,0), RQ - 1.5

Fig. 5 Interaction of two filaments of the same strength
r ,=r 2 =5, € = 0.01, /?0 = 1.5; centered at ^2.50, 0, 0).

profile for curve 1 and the top-hand distribution for curve 2
have not only the same total strength F but also the same
second polar moment F62,. The similarity solution is there-
fore the "optimum" approximation to the nonsimilar solu-
tion [see Eq. (20)]. We see that the difference between
curves 1 and 2 is insignificant and that the predictions of the
instant of local self-merging differ by only 0.51%.

Curve 3 in Fig. 4 shows the graph of x*(0 when the in-
itial profile is that of a similarity solution of circulaton F,
with a larger effective core radius 60V2, which is the radius
dT of the top-hat distribution for curve 2. The difference be-
tween curve 2 and 3 shows that the choice of core size for
curve 3 is inferior to the "optimum" one for curve 1. The
difference between curve 1 and curve 3 also demonstrates the
effect of different initial core sizes. The core size for curve 3
is larger and the criterion for self-merging is satisfied near
the end of the first period while curves 1 and 2 continue
nearly a half-period longer. Additional calculations were
made16 for filaments with a large axial flow w0^0. These
numerical results demonstrate that, among all the similarity
solutions, the one with an optimum initial core, which
matches the total strength and the second polar moment of
the nonsimilar initial profile, yields the best approximation
of the nonsimilar solution. This fact was noted before in the
two-dimensional and axisymmetric problems.10'12

Figures 5-8 show the interactions of two filaments with
r1= IF 2 I =5, *> = 0.0005, and e = 0.01. For their initial core
structures, the circumferential flow in both filaments are the
same, with the similarity solution with effective core size
60 = (4j>T2o)'/2 = V0.002, i.e., T20 = l. There is no large axial

(c) end view

(b) aide view
Fig. 6 Interaction of two filaments of equal but opposite strength
F 2 = -F = 5, U0 = l,5; centered at (T0.375, 0, T0.25).

flow (M0 = 0), and their centerlines are initially circles of the
same radius, R0 = l.5.

Figure 5 shows the interaction of two filaments of the
same strength F 2=F 1 . It simulates two vortex rings created
by two coplanar orifices facing the same direction. Initially
(/ = 0), the rings lie in the x-y plane centered at (±2.5,0,0).
The minimum distance between them is 2, cf12(0) = 2 = 44.750.
As / increases, the centerline of the rings become nonplanar
and tilt toward each other. The shape of the rings deviates
from a circle, and the deviation is more pronounced at the
segments close to each other, where the effect of interaction
is maximum. Figure 5 shows the three views of the centerline
at different instants until ^ = 7.04, with 6=1.25 and dl2 =
0.36<36. The two filaments touch each other according to
condition (23c), and local merging takes place thereafter.
Qualitatively similar results were obtained22 for the same two
filaments initially centered at (±2,0,0). Since the initial
minimum separation is halved and the mutual intereaction
effect is larger, the instant of merging occurs sooner at
/ 1 00
LJ-— l .OO.

Figures 6-8 show the interactions of two filaments of equal
but opposite strength r1 = -r2 = 5. Initially (/ = 0), their
centerline are circles with radius /?0 = 1.5. They lie in the
plane z^O.25 and are centered at (T£, 0, TO.25) with
f= 0.375, 1.30, and 1.375 for Figs. 6-8, respectively. These
three figures illustrate three different types of interactions,
namely, 1) intersection in two local regions, 2) touching,
and 3) local self-merging. A fourth type is illustrated in Ref.
16 by a nearly head-on collision, when 0<£<^ 1 and the merg-
ing takes place along the entire filament. Consequently, we
have a global merging.

The initial distance between the centers of the two circles
in 2f, and their projections on the x-y plane overlap each
other for \x\ <R0 — t. We define R0-£ as the initial overlap
and call the filament on the left side the first filament. We
use the polar angle B for each circle as the parameter 5- for
the centerline.

As £ increases, the initial overlap R0-? of the two
centerlines decreases. Figure 6 shows the movements of the
two filaments with (= 0.375. They move toward each other
with the "nonoverlapping" part of the centerline remaining
nearly planar while the "overlapping" part bends backward.
At ff = Q.22\l, the core size 6 is 0.04581, and the two
filaments intersect at two local regions near the y-z plane
with 6*= ±75 deg, and dl2 = 0.1372<36. The projection of
the centerline on the x-y plane deviates from a circle, and the
deviation is more pronounced near B*, where the interaction
is the strongest.
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AT t « 0. CENTERED AT (* 1.3,0,70.25) WITH RQ - t - 0.2
TWO LOCAL MERCED REGION CLOSE TO EACH OTHER ~ TOUCHING

(c) end view (a) plan view

t - o
tf • e.2334 [ •

I • tf - 0.2J24

(b) side view

Fig. 1 Interaction of two filaments of equal but oppposite strength
F 2= -Ti = -5, /?0 = 1.5; centered at (T 1.30, 0, T0.25).

AT t -0, CENTERED AT (T1.375,0,?.25) WTH RQ -4- 0.125
LOCAL SELF MERGING

(a) plan view

(b) side view

Fig. S Interaction of two filaments of equal but opposite strength
F 2 = - r , = -5,/?o = 1-5; centered at (=F 1.375, 0, =F0.25).

Figure 7 shows the movements of the two filaments with
?=?c = 1.3Q and the initial overlap /?0-£=0.2. Qualitatively,
the movements resemble those in Fig. 6, except that the over-
lapping portion is smaller and bends back more sharply. At
tf-0.2324 the two filaments intersect at one local region
near 0* = 0. They are in effect touching each other. We note
that the time tf of intersection decreases as '£ increases from
zero to fc while the initial overlap R0-£ decreases from 1.5
to 0.2.

For !>tc we expect the two filaments to pass each other
without intersecting although their projections on the x-y
plane do overlap initially. Figure 8 shows the movements of
the two filaments with £=1.375 and initial overlap R0-t
= 0.125. We see from Fig. 8 that the two filaments move
toward each other with the nonoverlapping portion retaining
nearly the same circular shape while the small overlapping
region bends backward sharply at almost a right angle to the
x-y plane. When t* ~0.1973, the two centerlines are nearly
coplanar and the overlapping region bends backward suffi-
ciently to allow the mutual passage of the two filaments. For
t>t*, the two filaments are moving away from each other
and the effect of interaction is reversed. The portion that has

bent backward sharply begins to stretch forward until local
self-merging takes place at /y = 0.3193.

As f increases, the mutual interaction decreases and the
local self-merging will take place at a later tf. In the limit of
?>R0, there is no interaction between the two filaments.
Each centerline moves forward and remains circular until the
core size 8 is no longer too small relative to R0, and then
total self-merging takes place. A numerical solution of the
Navier-Stokes equations for a totally self-merged circular
vortex ring was presented in Ref. 24.

IV. Classification of the Merging and
Computational Domains for the

Navier-Stokes Solutions
In the preceding section, we demonstrated the use of the

asymptotic solutions to describe the motion and decay of
slender vortex filaments until self-merging or merging of two
filaments takes place. Criteria [Eqs. (23a-23c)] define the
types of merging and the instant of their onset. After the
onset, the evolution of the flowfield in a merged region re-
quires, in general, a numerical solution of the Navier-Stokes
equations in a bounded domain D. The initial data will be
provided by the asymptotic solution. We have to specify the
computational domain D containing the merged region and
then formulate the appropriate conditions on the boundary
3D. For this purpose, we classify the merged regions by their
shapes and types of merging, whether the merging involves
one or two filaments. Hence, we have only the following
three types of merged regions:

1. Completely Merged in a Spherical Domain
This type includes global self-merging and/or self-inter-

section, i.e., Eq. (23a) and/or Eq. (23b) are violated for
almost the entire filament. It also includes the global merg-
ing of two filaments when Eq. (23c) fails. Typical examples
are the self-merging of a circular ring and head-on collision
of two rings that are also in the stage of self-merging. Once
the merging begins, the basic structure of the filament(s) will
be lost forever. The numerical solution of the merging will
be carried out in a spherical or cubical domain D containing
the merged region. The size of D should be much larger than
that of the merged region so that the flow is irrotational out-
side D.

Since the vorticity decays exponentially in distance from
the center of the merged region, we impose the approximate
boundary condition for the vorticity «,

on the boundary 3D (24)

The boundary conditions for the velocity V were formulated
in Ref. 25. They were obtained by the expansion of the
Poisson integral in terms of the moments of the vorticity
distribution, using the integral invariants.26 The computa-
tional code for this type of merging was developed, and
several examples were presented in Refs. 27 and 28.

2. Totally Merged Filaments in a Slender Toroidal Domain
This type of merging may occur when the centerlines of

the two slender filaments are nearly of the same shape in
head-on collisions or in the catching up of one filament on
the other. At the onset, the distance from any one point on
one filament to the other becomes comparable to the core
size. Condition (23c) breaks down along the entire length of
the filaments while both filaments remain slender, fulfilling
conditions (23a) and (23b). The numerical solution of the
merging can be carried out in a slender toroidal domain D
containing the merged filaments. The cross-sectional size of
the domain S will be much larger than that of the merged
region but much smaller than the mean radius of the torus.

We can again use Eq. (24) as the boundary condition for
<o. The appropriate boundary conditions for V were
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developed as Type 3 in Ref. 22 for axisymmetric problems.
In general, we can develop the boundary conditions for V on
the toroidal surface 3D by an extending of the method in
Ref. 24, that is, by expanding the Poisson integral in the
toroidal coordinates (s,r,d) since r/o is large on 3D where a
is the cross-sectional size of the merged region.

After a finite period of merging, the structure of a single
slender filament or two distinct filaments may reappear.
When this happens, the asymptotic analysis will be applicable
thereafter.

3. Local Merging
We can have three kinds of local merging when Eq. (23a)

or (23b) or (23c) is violated over only a small segment of the
filament(s) much less than the length of the filament(s). The
numerical solution of the merged region can be carried out
in a spherical, cylindrical, or cubical domain D. Its size will
be much larger than that of the merged vortical region but
still much smaller than the size of the filament(s), for exam-
ple, its length. Outside the domain D, the structures of two
slender vortex filaments remain intact.

The vorticity outside D is -not zero; therefore, a new for-
mulation of the boundary conditions on 3D for the vorticity
co and the velocity V are needed. A method was proposed in
Ref. 22 that made use of the asymptotic solutions for the
filaments ouside D. A numerical code implementing this
method is being developed. We expect that after a finite
period of merging, the structure of a single filament or two
distinct filaments may reappear, and thereafter we can apply
the asymptotic analysis.

V. Summary
A computational code is developed for the integro-

differential equation governing the motion of the centerlines
of slender vortex filaments submerged in a background
potential flow. These equations, which were derived by the
method asymptotic analysis, include the effects of the core
structures (i.e., the large-magnitude circumferential and axial
velocity components) having initial profiles, which may not
be compatible with the similarity solutions. The analysis
removes the singular parts of the Biot-Savart integral. Its
contribution to the velocity of the centerline is given by its
finite part, an integral of a piecewise continuous function.
Numerical examples are presented that provide a study of the
motion and decay of vortex filaments without boundaries.
The initial configuration of the filaments are chosen to fulfill
the basic assumption of the asymptotic analysis; that is, the
effective core size is much smaller than other length scales in
the flow [see Eq. (24)]. The numerical examples show that
the addition of axial flow to the core structure tends to
retard the motion of a filament and that its motion with an
initial nonsimilar profile can be approximated by one with
an optimum similarity profile. The latter has initial core size
so chosen that its total strength and polar moment match
those of the given initial profile. The computations are con-
tinued until the moment the aforementioned basic assump-
tion [see Eq. (24)] is no longer valid and the merging or in-
tersection of filaments begins. Various types of global or
local merging or interaction are illustrated by numerical ex-
amples. They are classified as three types. For each type, the
appropriate computational domain and boundary conditions
are proposed so that numerical solution of the Navier-Stokes
equation for the merged region can be carried out.
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